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1. Introduction 

In the theory of deterministic Partial Differential Equations, the maximum principle plays 
an important role since it gives a relation between the bound of the solution on the bound- 
ary and a bound on the whole domain. In the deterministic case, the maximum principle 
for quasi-linear parabolic equations was proved by Aronson -Serrin (see Theorem 1 of [2]). 
In a previous work [9], we have adapted the method of these authors to the stochastic 
framework and proved maximum principle for SPDE's with homogeneous second order op- 
erator and driven by a finite dimensional Brownian motion. The aim of the present paper 
is to generalize these results to the case of SPDE's with non-homogeneous second order 
operator and driven by a noise which is white in time and colored in space. In [8] and [9], 
many proofs are based on the notion of semigroup associated to the second order operator 
and on the regularizing property of the semigroup. But now, since in this present paper 
the operator is non homogeneous we can not follow exactly the same proofs and so we 
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work with the Green function associated to the operator and use heavily the results of 
Aronson [1] on the existence and the Gaussian estimates of the weak fundamental solution 
of a parabolic PDE. 

More precisely, we study the following stochastic partial differential equation (in short 
SPDE) for a real- valued random field ut (x) = u (t, x) , 

d d 

du t (x) = a i,j(^ x ) d j u t( x ) + 9i(t,x,u t (x), Vu t (x))] + f(t,x,u t (x), Vu t (x))jdt 

i=l j=l 
+oo 

+ ^ hj (t, x, u t (x) , Vut (x)) dB\ , 

i=l 

(1) 

with a given initial condition no = £, where a is a time-dependant symmetric, uni- 
formly elliptic, measurable matrix defined on some bounded open domain O C M. d and 
f,gi,i = 1, • • • , d, hj,j = 1, 2, • • • are nonlinear random functions. 

This class of SPDE's has been widely studied by many authors (see [18], [4], [25],....) but in 
all these references, regularity assumptions are made on the boundary of the domain or on a 
which permit to use Sobolev embedding theorems or/and regularity of the Green function. 
Since in this work coefficients a^j and the domain O are not smooth, the associated Green 
function is not regular enough, so one more time we follow the ideas of Aronson (see [1]). 
The method consists in approximating the domain by an increasing sequence of smooth 
domains and the matrix a by a sequence of smooth matrices. We first prove existence 
and uniqueness for the SPDE (1) with null Dirichlet condition on the boundary. Then we 
get some estimates of the positive part of a local solution which is non-negative on the 
boundary and this permits to get a comparison Theorem and a maximum principle, in this 
part only we assume that the boundary of the domain is Lipschitz . This yields for example 
the following result: 

Theorem 1. Let (Mt)t ^ o be an ltd process satisfying some integrability conditions, p 2 
and u be a local weak solution of (1). Assume that dO is Lipschitz and that u ^ M on the 
parabolic boundary {[O,T[x<90} U {{0} x O}, then for all t G [0,T]: 

e ll(« - mL,^ z Mp, t) E (ne - MoiiSo + II (/°' M ) + E + Ill^l 2 li;f + ||i^i 2 ||;f) 

where /°' M (t,x) = f(t,x,M,0), g°> M (t,x) = g(t,x,M,0), h°' M (t,x) = h{t,x, M, 0) and k 
is a function which only depends on the stvuetuve constants of the SPDE 7 || * ||oo,oo;£ ^ 

the 

uniform norm on [0,t] x O and ||-||^ is a certain norm which is precisely defined below. 

For the references concerning the study of the L p norms w.r.t. the randomness of uniform 
norm on the trajectories of a stochastic PDE, see [9]. Let us also mention that some L p - 
estimates have been established by Kim [15] for linear parabolic spde's on Lipschitz domain 
and that Krylov [17] obtained a maximum principle for the same class of SPDE's. 
The paper is organized as follows : in section 2 we introduce notations and hypotheses and 
we take care to detail the integrability conditions which are used all along the paper. In 
section 3 we establish an Ito formula for the solution and prove existence and uniqueness 
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of this solution with null Dirichlet condition on the boundary. In section 4, we prove an 
Ito's formula and estimates for the positive part of a local solution which is non-positive 
on the boundary of the domain and obtain a comparison Theorem which leads to our 
main result: the maximum principle Theorem. The last section is an Appendix devoted to 
the definitions of some functional spaces that we use and to the proofs of some technical 
results. 



2. Preliminaries 
2.1. LP^ -spaces 

Let O be an open bounded domain in W 1 . The space L 2 (O) is the basic Hilbert space of 
our framework and we employ the usual notation for its scalar product and its norm, 



(u, v) = / u(x)v(x)dx, \\u\\ = ( / u 2 (x) dx 
Jo \Jo 

In general, we shall extend the notation 

(u,v) = / u(x)v(x)dx, 



where u, v are measurable functions defined on O such that uv £ L l (0). 

The first order Sobolev space of functions vanishing at the boundary will be denoted as 

usual by Hq {O) . Its natural scalar product and norm are 

dp l 

( u i v )h1(0) = ( u ' v ) + / diu(x)div(x)dx, \\u\\ H i {0) = (\\u\\l + \\Vu\\fj 2 . 
i=l J ° 

We shall denote by H} oc (0) the space of functions which are locally square integrable in 
O and which admit first order derivatives that are also locally square integrable. 
Another Hilbert space that we use is the second order Sobolev space Hq(0) of functions 
vanishing at the boundary and twice differentiable in the weak sense. 

For each t > and for all real numbers p, q ^ 1, we denote by L p,q ([0, t] x O) the space of 
(classes of) measurable functions u:[0,t]xO — > M such that 



\ u \\p,q;t '■= ij {^J \u(s, x)\ p dx^j ds 



1/9 



is finite. The limiting cases with p or q taking the value oo are also considered with the 
use of the essential sup norm. 

The space of measurable functions u : ffi + — > L 2 (O) such that \\u\\ 2 2 -t < °°> f° r eac h t > 0, 
is denoted by Lf oc (]R_|_;L 2 (0)) , where M + denotes the set of non-negative real numbers. 
Similarly, the space Lf oc Hq (0)) consists of all measurable functions u : M + — > Hq (O) 
such that 

IMl2,2;t + ll Vu ll2,2;t < °°> 
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for any t > 0. 



We recall that the Sobolev inequality states that 

IMI 2 * < C S ||Vu|| 2 , 

for each u G Hq (O) , where cs > is a constant that depends on the dimension and 
2* = if <2 > 2, while 2* may be any number in ]2, oof if d = 2 and 2* = 00 if rf = 1. 
Finally we introduce the following norm which is obtained by interpolation in L p ' q -spaces: 

IMI#;t = ll U ll2,oo;i V Il n ll2*,2;t ) 

and we denote by L#. t the set of functions u such that ». t is finite. Its dual space is a 
functional space: L^. t equipped with the norm || ||^., t and we have 

/«(.,«).(.,«)■«.$ Hl^Wfc, (2) 

for any u G £# ; t and v G ^#-t- 

See Appendix 5.1 for more details on these spaces. 



2.2. Hypotheses and definitions 

We consider a sequence ((B l (t))t ^ o)ieN* of independent Brownian motions defined on a 
standard filtered probability space (0, J 7 , (J-)t > o> -P) satisfying the usual conditions. Let 
a be a measurable and symmetric matrix defined on K + x . We assume that there exist 
positive constants A , A and M such that for all £ € R d and almost all (t, x) G M+ x 0: 

Aiei 2 < J2o,ij(t,x)ee ^ A|£| 2 and \a id (t,x)\ ^ M. (3) 

Let A = {(t,x,s,y) G R+ x O x R + x O; t > s}. We denote by G : A ^ R + the weak 
fundamental solution of the problem 

d 

d t G(t,x;s,y) - ^ d i a i) j(t,x)djG(t,x;s,y) = (4) 

with Dirichlet boundary condition G(t, x, s, y) = 0, for all (t, x) G (s, +00) x dO and 
where for i G {1, • • • ,d}, di denotes the partial derivative of oder 1 with respect to Xj. 
Sometimes, for convenience, we shall restrict ourselves to a finite time-interval, that's why 
we fix a time T > 0. 

Following Aronson ([1]), Theorem 9 (iii) p. 671, we have the following estimate: 

I |2 

G(t,x,s,y) <C(i-a)-3 exp{-£>g-^-}, (5) 

for all (t, x, s, y) G A with t ^T, where C and g are positive constants depending only on 
T and the structure constants i.e. A, A and the Lebesgue measure of O. Let us point out 
that we do not assume that coefficients are smooth or that dO is regular. 
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We consider predictable random functions 

g = (gi,...,g d ) ■ x n x O x R x R d -> R d 
h = (hi,--- ,hi,---) : R + xS!xOxIxl' i 4l B *, 



where N* denotes the set of positive integers. 

In the sequel, | • | will always denote the underlying Euclidean or Z 2 -norm. For example 

+00 

\h(t,w,x,y,z)\ 2 = ^2hi(t,w,x,y,z)\ 2 . 
i=i 

We define 

/(-,-, -,0,0) := f 

M-,-,0,0) := h° = (h° 1 ,...,hl---) 

g(-,;-,0,0) :=g° = (g° 1 ,...,g° d ). 

We still consider the quasilinear stochastic partial differential equation (1) for the real- 
valued random field Ut(x), that we rewrite as: 

(d d \ 

diai,j(t,x)djUt(x) + f(t,x,u t (x),Vu t (x)) + ^2d i gi(t,x,u t (x),'Vut(x)) J dt 
i=i / ^ 

+ 00 

x,M t (x), Vu t (x)) dB l t , 

i=l 

with initial condition u(0, .) = £(.). Let us point out that in the equation (6), the divergence 
term digi(t,x,ut(x),'Vut(x)) has to be understod as 

d 

— (gi(t,x,u t (x),Vu t (x))) , 

OXi 

and is defined rigorously in the weak sense (by integration by parts). 

We also assume that £ is a J-"o-measurable, L 2 (0)- valued random variable. We consider the 
following sets of assumptions : 

Assumption (H): There exist non negative constants C, a, {3 such that for almost all u, 
the following inequalities hold for all (x,y,z,t) £ O x R x R d x R + : 

(i) \f(t,u,x,y,z) - f(t,u,x,y',z')\ ^ C(\y -y'\ + \z - z'\) 

(ii) \\h(t,u,x,y,z) - h(t, u, x, y, z')\ 2 ^ 2 < C\y -y'\ + f3\z- z'\, 

(iii) (X)f=i \9i(t,u,x,y,z) - gi(t,u,x,y , z')\ 2 y < C\y- y'\ + a\z - z\. 

(iv) the contraction property : a + — < X . 
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Moreover we introduce some integrability conditions on /°, g°, h° and the initial data £ : 
Assumption (HD#) 




for each t > 0. 

Sometimes we shall consider the following stronger conditions: 
Assumption (HD2) 

s (ii/°iiU + iwiU + ii fc iU) <o °' 

for each t > 0. 

Assumption (HI2) integrability condition on the initial condition : 

£|kl| 2 <oo. 

Remark 1. ./Voie i/iai (2,1) is the pair of conjugates of the pair (2,oo) and so (2,1) 
belongs to the set I 1 which defines the space L*^. t (see the Appendix for more details). Since 

IMI2 i t — IMI2 2-t f or eac h v £ -^ 2 ' 2 ([0i x C) ) ^ follows that 

L 2 ' 2 ([0,t]xO)cL W C%, 

and |MI#-t < \/t IMI2 2-t » / or eac ^ u ^ L 2,2 {\\l,t\ x O) . This shows that the condition 
(HD#) is weaker than(HD2). 

2.3. Main example of stochastic noise 

Let W be a noise white in time and colored in space, defined on a standard filtered prob- 
ability space (fl, J 7 , (J-t)t ^ o>-P) whose covariance function is given by: 

Vs, t e M+, Vx, y G 0, £7[W"(z, s)PF(y, t)] = <5(t - s)fc(z, y), 

where fc:OxOi-} R + is a symmetric and measurable function. 
Consider the following SPDE driven by VF: 

ci d 

du t (x) = ( ^2 9iOi,j(t, x)djU t (x) + f(t, x, u t (x), Wu t (x)) + y~] djgj(t, x, u t (x), Wu t (x))) dt 

i,j=l i=l (7) 

+ h(t, x, u t (x),Vu t (x)) W(dt, x), 
where / and g are as above and h is a random real valued function. 

We assume that the covariance function k defines a trace class operator denoted by K in 
L 2 (0). It is well known (see [23]) that there exists an orthogonal basis (ej)j e N* °f L 2 (0) 
consisting of eigenfunctions of K with corresponding eigenvalues (Aj)j g N* such that 

+00 
i=l 
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and 



Hx,y) = ^2\iei(x)ei(y). 



i=l 



It is also well known that there exists a sequence ((B l (t))t 5. o)ieN* of independent standard 
Brownian motions such that 

+00 

V2, 



W(dt,-) = Y,K 2 e i B i (dt) 



i=l 



So that equation (7) is equivalent to (6) with h = where 

Vi G N*, hi(s,x,y,z) = \J%h(s, x,y, z)ei(x). 
Assume as in [25] that for all i 6 N*, H^Hoo < +00 and 



J^inil < +o °- 



Since 

(\h(t,u,x,y,z) - h(t,u,x,y',z')\ 



1 

2\ 2 



\i=i 



2 

illoo 



h(t,x,y,z) - h(t,x,y f ,z') 



h satisfies the Lipschitz hypothesis (H)-(ii) if h satisfies a similar Lipschitz hypothesis. 



2.4- Spaces of processes and notion of weak solutions 

We shall denote by V the set of predictable processes which admit a version in L 2 oc (M+; L 2 (0) ). 
We now introduce % = H(0), the space of Hq(<D)- valued predictable processes (ut)t > 
such that 

f „2 /■*„ „2 \ 1/2 

|it||t = I £7 sup +E ||Vt( s || dt I < 00, for each t > . 

V ^ s sc t Jo / 

We define Hi oc = Hi c(0) to be the set of //^((D) -valued predictable processes such that 
for any compact subset K in O and all t > 0: 



E 1 sup / |ti s (^)| dx + E 



J j \Vu s {x)\ 2 dxdt^j 



1/2 



< 00. 



We also denote by F the subspace of elements in 7i which are L 2 (0)-continuous. More- 
over, we denote by %t (resp. Ft ) the set of processes which are the restrictions to [0, T] 
of elements in T~L (resp. F). Let us remark that (Ft, \\ ■ \\t) 1S a Banach space. 
The space of test functions is V = <g> C 2 (0), where C~(R+) denotes the space of 

all real valued infinitely differentiable functions with compact support in M + and C 2 (0) 
the set of C 2 -functions with compact support in O. 
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Definition 2. We say that u £ %i oc is a weak solution of equation (6) with initial condition 
£ if the following relation holds almost surely, for each ip € T>, 



We denote by Ui oc (£, f,g, h) the set of all such solutions u. 

In general we do not know much about the set li\ oc (£, /, g, h). It may be empty or may 
contain several elements. As the Sobolev space Hq (O) consists of functions which vanish 
at the boundary dO, we say that a solution which belongs to "H satisfies the zero Dirichlet 
conditions at the boundary of O. 

We denote by U (£, /, g, h) the solution of (6) with zero Dirichlet boundary conditions 
whenever it exists and is unique, we shall prove that this is the case for example under 
(H), (HI2) and (HD2). 

We should also note that if the conditions (H), (HD2) and (HI2) are satisfied and if u 
is a process in T~L, the relation from this definition holds with any test function p £ D if 
and only if it holds for any test function in C£° (R+) <S> Hq (O) . In fact, in this case, one 
may use as space of test functions any space of the form (R+) <8> V, where V is a dense 
subspace of Hq (O) , obtaining equivalent definitions of the notion of solution with null 
Dirichlet conditions at the boundary of O. 

Let us now precise the sense in which a solution is dominated on the lateral boundary 

Definition 3. If v belongs to H} (O), we say that v is non-positive on the boundary of O 
if v + belongs to Hq(0) and denotes it simply: v ^ on dO. 

3. Existence, uniqueness and estimates of the solution with null-Dirichlet 
condition 

3.1. Notion of mild solution 

We now turn out to the notion of mild solution: 

Definition 4. We say that u £ % is a mild solution of equation (6) with initial condition 





~ ^2 (fft (s, u s ,Vu s ) , dnp s )]ds + ^2 (hi (s, u s ,Vu s ) , ip s ) dB l s + (£, cp ) = 



i=l i=l 



(8) 



(fi x O), if for allte R+, 




Jo Jo Jo 



+ 2^ / / G(t,x,s,y)digi(s,.,u s ,Vu s )(y)dyds 
Jo Jo 




(9) 



+ 








Let us remark that thanks to Gaussian estimate (5), all the quantities in (9) are well 
defined excepted the term 

/ / G(t,x,s,y)d ity gi(s,.,u s ,Vu s )(y)dyds. 
Jo Jo 

This last term has to be understood in the weak sense thanks to the following Proposition: 
Proposition 5. Let U : (C C °°(IR + ) ® H^(0)) d — > F be defined by 

, d rt 

Vwe (C c co (M + )®tf o 1 (0))'\ yt^O, (Uw) t = Y] / G(t,;s,y)d i>y w i>s (y)dyds. 

i=i Jo 

The operator U admits a uniquely determined continuous extension 

U:L 2 oc (R + ;L 2 (0) d )^F, 

that we still denote 

d ~t 

Vi ^ 0, (Uw) t = y~] / G{t,-,s,y)di >y w i>s (y)dyds. 
i=i Jo 

Moreover if w G L^ oc (M+; L 2 (0) d ), u = Uw is the weak solution of 

d d 
du t (x) = ^2 diaij(t,x)djUt(x) + '^2diWi , uq = 0, 

i,j=l i=l 
and it satisfies the following relation: 

rt d n d 

dKH 2 + / / aij(s,x)diU s (x)djU s (x)dxds = -Y^ {w iyS ,diU s ) ds, t^O. (10) 

As a consequence, we have the following estimate: 

IMl! < c x [ \\w s \\ 2 d s , (ii) 

J 

where C\ is a constant depending only on A. 

Proof. See Subsection 5.2 in the Appendix. □ 
3.2. The linear case 

Let f e L 2 (n,T ,P;L 2 (O)), w = {wi) im * £ V N * ,w' E V,w" G V d . We assume that 



hOO 



1/2 



■»' 



a=l 
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We set 



u t {-)=! G(t,;0,y)S(y)dy+ [ [ G(t, ■, s,y)w' s (y)dyds 
Jo Jo Jo 

d 



a pt p 

+ Y / / G ( t ^' s ^y) d i w i(y) d y ds (12) 
+00 „i . 

+ J2 / G(t,;s,y)w i!S (y)dBi. 
i=1 Jo Jo 

The goal of this section is to prove that u is the unique solution of the linear equation 

d d +00 

du t {x) = ( Y dj [ Y a i,j (t > x)djUt{x) + w" s (x)] + w' s (xfjdt + Y w iA x ) dB l ( 13 ) 

i=l j=l i=l 

with initial condition uq = £ and zero Dirichlet condition on the boundary: 

u(t, x) = V(t, x) e (0, +00) x dO. 

To this end we proceed as follows: first we prove the result in the case where all the 
coefficients are regular and then, using an approximation procedure, we prove it in the 
general case. This second part is quite long and we shall split the proof in several steps. 

The regular case 

We assume first that all the coefficients are regular and that dO is smooth. In this case, 
existence and uniqueness are well known (see for example [18]), nevertheless we give the 
proof in order to explicit the estimates we need to pass to the limit in the general case. 

Proposition 6. Assume thatdO is smooth, all the coefficients Ojj belong to C°° (K+ x 0), 
( G C c °°(0), w,w' e (L 2 (O)^C c ([0,+oo))®C c °°(O))n^ and 
w" € (L 2 (n) ®C c ([0,+oo)) <g> C™(0)) d f)T d . We set 

u t {-)= I G(t,;0,y)£(y)dy+ f [ G(t,;s,y)w' s (y)dyds 
Jo Jo Jo 

d pt p 

+ ^2 / G (^^ s ^y) d i,y w i(y) d yds (14) 

1=1 Jo Jo 

+00 „ t - 

+ J2 / G(t,;s,y)w itS (y)dBi. 
i=1 Jo Jo 

Then u has a version in F and is the unique solution in the weak sense of (13) in T~L i.e. the 
unique element in TL such that for each ip £T>, the following relation holds almost surely: 

d 



poo _ _ r 

(€,<Po)+ [(u s ,9 s (p) - / aij(s,x)diU s (x)dj(p s (x)dx - (w' s ,f s )]ds 
Jo • Jo 



p+oo " +°° r-OO 

+ / i w 'ls, dm) ds + (wi,s,iPs)dBi = 0. 

Jo i=1 i=1 Jo 



(15) 
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Moreover, we have the following estimates for all t 0: 

aij(s,x)diU s (x)djU s (x)dxds = ||£|| 2 + 2 > 



I II- 
\ u t\\ 



+ 2 jS^ <H,j(s, x)diU s (x)djU s (x)dxds = ||£|| 2 + 2 / (w i)S) u s ) dB l s 
Jo ~^ Jo t Jo 

(16) 

wJ II 2 ds, 



>■■;> 



+ 2 f (u s ,w' s )ds-2y] [ (diu s ,w% s )ds+ f 
Jo „■ JO JO 



and 

fT 



iief + ^ iiHll 2 + IKII 2 +^K t || 2 )^ 



(17) 



where c is a constant which only depends on T. 



Proof. Following Aronson [1], we know that the weak fundamental solution G is a classical 
one. Moreover, it is well known that G is one time differentiable with respect to time and 
infinitely differentiable with respect to space variables in A and that we have the following 
estimate for all (t,x,s,y) £ A and 1 i,j ^ d (see [11] for example): 

\dl x d* y G(t,x,s,y)\ < c(*- S )-^exp(-^^), (18) 

I 1 2 

\d t G(t,x,s,y)\ < C(t- S )-i- 1 exp(- e ^^L) (19) 

with k, I = 0, 1 or 2 and where d\ x denotes the partial derivative of order I with respect 
to the variable X{. 

Due to the regularity of G and of all the coefficients in the expression of it, one can use the 
fact that G is a strong solution. As a consequence, u is a Hq (O)-valued semi-martingale 
with L 2 (C)-continuous trajectories (see [18], Chapter 1 or [5]) and we have the following 
integral representation: 

d „t rt d ft 

Ut{x) =£(x) + / d i (a ii j(s,x)djU s (x))ds + / w' s (x)ds + / \y w is( x )ds 
i ,_i Jo Jo Jo 

hoc , t 



+ V / w i>s (x)dBi 
i=i ■ / ° 



Applying the Ito's formula for Hilbert- valued semimartingaled (see [18] Chapter 1, Section 
3) and then integrating with respect to x, we get 

||u t || 2 -|-2 / / a,ij(s, x)diU s (x)djU s (x)dxds = ||£|| 2 + 2 / (w' s ,u s )ds 
Jo Jo ' Jo 

+ 2W « s ,^r)*+2vf k 8) « s )^ (21) 

, Jo ~T Jo 



\w s \ II 2 ds. 
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Fix e > small. We have for all t £ [0,T): 



(w' s , u s ) ds 



< 



\u s \\ 2 ds + 



1 



\w' \\ 2 ds 



and 



Y) [ {w'L,diU s ) ds 
~r Jo 



I Vu s \\ 2 ds H — 



e Jo 



T 



K'lll 2 ^. 



Moreover, thanks to the Burkholder-Davies-Gundy inequality, we get 



E[ sup 

te[o,T] 



ft i pT +°° 

V] / (wi,s,u s )dBl ] ^ciE / y2(w i)S ,u s ) 2 ds 
i Jo \ Jo i=i 



1/2- 



\Jo i=1 te[o,T] J 



1/2- 



sup \\Ut\ 
te[o,T] 



sup 

te[o,T] 



T 

II ll 2 ^ 







+ T E 
As 



\wJ \\ 2 dt 



Then using the ellipticity assumption on a and the inequalities above, by taking the supre- 
mun in t G [0, T] in relation (21) and then the expectation, we get: 



(1 - 2e(T + 1))E[ sup || u t || 2 ] + (2A - e)E f ||V 

te\o,T] Jo 



+ -E 

e Jo 



T 



lio' || 2 cfe + -E 



e Jo 



T 



I sill 2e 



u s \\ 2 ds^2\\i\Y 

T 

\\\wA\\ 2 dt 



o 



(22) 



Taking e small enough, we deduce that we have the following a priori estimate: 



E\\u\\ 2 T <: cE ( [ \\t\\ 2 + (\ 



w t 



+ Kf + EK*I 



r// 



(23) 



where c is a constant which only depends on T and A but not on O. This proves inequality 
(17). 

Relation (15) and the fact that u is a weak solution are direct consequences of Ito's formula. 
Finally, uniqueness is clear, indeed if v is another element in % f| Lf oc (R + ; L 2 (Q; H^(0) 
which satisfies (15) for all ip £ C~([0, +oo[) ® C%°(0), then ( = u - v satisfies 

f'OO r 

/ [(C. s ,d s (p) - / aij(s,x)diC s (x)djip s (x)dx]ds = 0, (24) 
Jo 77 Jo 



standard results on deterministic PDE's ensure that £ = 0. 



□ 
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The general case 

Here, we only assume that a is measurable and satisfies assumption (3), that O is a bounded 
open domain without any condition on its boundary and we are given coefficients: £ G 
L 2 (Q, T Q ,P;L 2 (p)), w' G V, w" = (w'{,--- ,11$) G P d and iw = (wi) i£N * G P N *, such that 
£?[/ IH^slll 2 ds] < +00. 

We first prove that Proposition 6 remains true in this case and then we establish Ito's 
formula for the solution. To do that, we approximate the coefficients, the domain and the 
second order operator in the following way: 

1. We mollify coefficients a^j and so consider sequences (afj) n of C°° functions such 
that for all n G N*, the matrix a n satisfies the same ellipticity and boundedness 
assumptions as a and 

VI ^ i, j ^ d, lim a™,- = a,{ j a.e. 

n— y+00 ,J 

2. We approximate O by an increasing sequence of smooth domains (O n ) n ^ 1. 

3. We consider a sequence (£ n ) in C^°(0) which converges to £ in L 2 {0) and such that 
for all n, supp£ n C O n . 

4. For each i G W, we construct a sequence (w?) in (L 2 (0) ® C c ([0, +00)) ® C£°(£>)) f]V 
which converges in L 2 oc (R + ; L 2 (f] x 0)) to it;, such that for all n, supply™ C O n and 



Vi>0, E[ T \\wfj 2 ds] ^ E[ f \\w i!S \\ 2 ds], 
Jo Jo 



so that 

ft 



IIKlfds] < E[ [ \\\w s \\\ 2 ds] < +00. 



5. We consider a sequence (u/' n ) in (L 2 (ft) ® C c ([0,+oo)) g> C£°(0)) f)^" which con- 
verges in L 2 oc (]R + ; L 2 (S1 x 0)) to it;' and such that for all n, suppw/ ,n C O n . 

6. Finally, let (w"> n ) be a sequence in (L 2 (n) ® C c ([0, +00)) ® C^°(0)) d f| P d which 
converges in L 2 oc (M + ; L 2 ($7 x to u/'and such that for all n, suppu/ /,n C O n . 

For all n G N*, we put A n = {(t,x,s,y) G R+ x O n x K + x O n ;t > s}. We denote by 
Qn . ^ wea ]j fundamental solution of the problem (4) associated to a n and 

O": 

5 4 G n (t,x; S ,y) - d i al j (t,x)d j G n (t,x;s,y) = (25) 

with Dirichlet boundary condition G n (t,x,s,y) = 0, for all (t,x) G (s, +00) x <90 n . 
In a natural way we extend G n on A by setting: G n = on A \ A" . 
We define the process u n by setting for all (t, x) G M+ x O: 

u?(x)= [ G n (t,x,0,y)e i (y)dy+ [ [ G n (t,x, s,y)w'/ l (y)dyds 
Jo Jo Jo 



~^J J o d i,y Gn ( t ^ x ^ s ^y) w 'l's^ d y ds (26) 
+00 ,. t . 

+ V / / G n (t,x,s,y)wl s (y)dydBl. 
i=1 Jo Jo 
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The key Lemma is the following: 

Lemma 7. There exists a subsequence of {G n ) n j> i which converges everywhere to G on 
A, where G still denotes the fundamental solution of (4). 

Proof. Let K be a compact subset of A. There exists e > 0, r/ > such that for (t, x) E K, 
\t — s\ ^ rj, d(x,dO n ) e and d(y,dO n ) ^ e, for n large enough. Then using Theorem 
C in Aronson ([1] p. 616) we know that the sequence of functions (G n ) n is equicontinuous 
on K. Moreover thanks to the Gaussian estimates (5) and Ascoli theorem, we have that 
(G n ) n converges uniformly to G on K, for some subsequence. We conclude by taking an 
exhaustive sequence of compact subsets in A and a diagonalisation procedure. □ 

For simplicity, from now on we assume that the sequence (G n ) is chosen such that it 
converges to G on A. 

Theorem 8. Assume that the general hypotheses of Subsection 2.2 hold. 

Let £ E L 2 {n, F G ,P;L 2 (0)), w' E V, w" = (w'{, ■ ■ ■ E V d and w = (wi)igN* E V w , 

such that E[Jq \\ \w s \\\ 2 ds] < +oo. We set 

«t(-)= I G(t,;0,v)£(v)dy+ f f G(t,-,s,y)w' s (y)dyds 
Jo Jo Jo 

+ ^2 / G i t r,s,y)d i w"(y)dyds ( 2 7) 
i=l Jo Jo 

+oo „i . 

+ J2 / G(t,;s,y) Wl , s {y)dydBl, 
^{Jo Jo 

then all the results of Proposition 6 remain valid. 



Proof. Let us first note that (27) is well defined thanks to Proposition (5). As O n and a n 
are smooth, hypotheses of the previous subsection are fulfilled so that for all n, u n satisfies 
Propositions 6 and Proposition 9 with domain O n , operator given by a n and coefficients w n , 
w'' n and w" ,n . Moreover, we know that for all n E N*, the restriction of u n to O n belongs 
to L 2 oc (JH + ; Hq (O n )) and is a Hq (O n )-valued semimartingale hence as we put uf = on 
A\ A n , u n belongs to % and is a Hq (O)-valued semimartingale which admits the following 
decomposition: 

ft ft d ft 

u?(x)=e(x) + J2 d l {al ] {s,x)d j u n s (x))ds+ w'f l (x)ds-J2 d lW '^(x)ds 
i,j Jo Jo i=i Jo 

hoo rt 



+ E / <s(x)dBi 
i=i Jo 



(28) 



Let us now pass to the limit in T~L. For simplicity, we work on the finite time-interval [0, T] 
and consider the Hilbert space 

Ft = L 2 (Q x [0, T]; Hq(0)), 
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equipped with the norm 

r-T rT \ V 2 



\U\\f t 



E j \\utfdt + J E \\Vu t \\ 2 d?j 



Estimate (17) ensures that the sequence {u n ) is bounded in Ft, that for all i G {1, • • • , d}, 
as the a n are uniformly bounded by M, the sequence (EjLi afjdjU 11 ) is bounded in 
L 2 (fl x [0, T] x O). As a consequence, we can extract (successively) a subsequence (u nk )k > i 
which converges weakly in Ft to an element u and such that for each i, the sequence 
(Yl'j=i a ij9jU nk )k converges weakly in L 2 (il x [0, T] x O) to an element Vi. Since clearly 
(^^ =1 (a"J- — aij)djU nk )k converges to in L 2 (£l x [0, T] x O) we conclude that = 
X^j=i CLijdjU. Therefore, we can construct a sequence (u n ) of convex combinations of ele- 
ments in (u nk ) of the form 



fc=i 



with limn^+oo A" n = +oo, a£ ^ 0, Efc=i a k = 1 f° r au n anc ^ sucn that: 

1. (tt n ) converges strongly in i*y to an element u € Ft, 

2. Vi € {1, ■ ■ ■ ,4, ^? = Ej=i Efii «i^« nfc converges to £* =1 o^ti in L 2 (0 
[0, T] x 0) as n goes to infinity. 

In a natural way, we set: 

N„ N n N n N n 

*!=i fe=i *;=i fe=i 

So {t n admits the following representation for all n ^ 1: 

d ~i ,.f d „i 

rQ(x) =C (x) + V / d i A 1 t(s,x)ds+ w'; n (x)ds - V / di, y w'£ (x)ds 

+oo „f 

+E / 



i=l 



Let n,m £ N*, we set t; n > m = <u n — u m . Applying Ito's formula and then integrating with 
respect to x, we get 



n,m II 2 



: |!|n _ e ~ m||2 -2j2j* J o (AUs,x) - AT(s,x)) d iV ^ m (x)dxds 

+ 2 jT - w'r, <' m ) ds + 2 E - <f . ^< ,m ) ds 

+ 2 £ /* « s - < s , <' m ) dBj + £ f \\wl s - w™ || 2 ds. 
i Jo i Jo 



(30) 
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Let e > 0, we have for almost all t E [0, T) and x £ O: 



this yields, thanks to the ellipticity asumption on the matrix a: 




) flSjt£' m (x)dxds < -2A / ||Vu? ,m || 2 ds 
? v ' Jo 

+ 2V /"* / \A^{s,x)-y^ a ij {s,x)d j u n s {x)\\d i v n s ' m {x)\dsdx 
iJo Jo Y ' 

^Jo Jo Y 

1, 



Using the trivial inequality 2a6 ^ ea H — 6 we get 



1 



T 



and 
2 



|K' m || z ds + -y \\w'j n - w'; m fds 



i-T 



Moreover, thanks to the Burkholder-Davies-Gundy, we obtain 

Ejf(< 



J5[ sup 

te[o,T] 



^ ci-B 



1/2- 



< ciE 
< ci-B 



o J=1 te[o,T] 



En n,m || 2 || ~n ~m m2 j. 
SUp ||« f ' || \\Wi a — Wi J\ dt 



1/2- 



n n.mi 
sup |p t | 

te[o,T] 



\w n Q -w™\\\ 2 dt 



1/2- 



sup || « t 

*6[0,T] 



n,m || 2 



4e 
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Then using the inequalities above, by taking the supremun in t G [0, T] in relation (30) 
and then the expectation, we get: 



(1 - e(T + 2))E[ sup || v^ m f) + (2A - e)E [ ||V<> m || 2 ds ^ E[\\C - CI 2 } 
te[o,T] Jo 

+ 2V£ [ f \A?(s,x)- y2a ij (s,x)d j u^(x)\\d i v^ m (x)\ dsdx 
i [ J o J o j 

+ 2 Y^E [ T [ \A^(s,x)-Y j a iJ (s,x)d j u , J l (x)\\d i vf rn (x)\ dsdx 

: JO JO A ' 



(31) 



£ 

4e 



T 



\w n s -w™\\\ 2 ds 







+ l -E 


[I 


£ 





w"' n -w"' m \\\ 2 ds 



Let us prove now that each term in the right member tends to as n, m go to +oo. 
First of all, by construction of the approximating sequences (C)n, (w n ) n , (w ' n )n an d 
{w ' n ) n given at the beginning of this step, we have 



lim E[\\C-C\\] = lim E 

n,m— >+oo 



n,m—>+oo 



T 



and 



lim E 

n— y+oo 



\w': n -w': m \\ 2 ds 



\w™ — w s \ || 2 ds 



lim E 

n,m— >+oo 



0. 



\w"> n -w"' m \\\ 2 ds 



Let i 6 {1, • • ■ ,d}. As a is bounded, ^ - aijdjff 1 tends to Y2j a i,j9jU and so \Af — 
J2j aijdjU™(x)\ tends to in L 2 (n x [0, T] x O) as n goes to +oo. As (f n,m ) n ,m is bounded 
in L 2 (Q x [0, T] x O), we deduce from this that 



lim E 

n,m— y+oo 



T 

JO 



A?(s,x) -^2a iJ (s,x)d j u^(x)\ \d iV ^ m (x)\ dsdx 



and in the same way 



lim E 

n,m— >+oo 



JO 



j 



ls,x)dju™{x)\ \d iV ^ m {x)\ dsdx 



Taking e small enough in (31), we conclude that (u n ) is a Cauchy sequence in Ft it is clear 
that its limit is u so we have 



lim \\u n — u\\t = 0. 

n— »+oo 
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It remains to prove that u = u. 
We have for all n: 



uUx)= [ G n (t,x,0,y)e i (y)dy+ [ f G n (t,x, s,y)w'/ l (y)dyds 
Jo Jo Jo 



~^J J o d i,y Gn ( t ^ x ^ s ^y) w 'l , s(y) d y ds (32) 
+00 ,. t . 

+ V / / G n {t,x,s,y)wl s {y)dydBl 
i=1 Jo Jo 

Thanks to Lemma 7 and the Gaussian estimates (5), we deduce by the dominated conver- 
gence Theorem that the first, second and fourth terms in the right member of (32) converge 
to the corresponding term in the expression (27) of u. In order to study the third one, we 
put for all n: 

d rt p ^ rt r 

z n = -V/ / d i)y G n (t,x,s,y)w"'™(y)dyds = V/ / G n (t,x,s,y)di, y w"'™(y)dyds, 
i=1 Jo Jo i=l Jo Jo 

and 

z = y2 / G(t,x,s,y)d iiy w" (y)dyds. 
i=1 Jo Jo 

By the same proof as above, we can prove that, at least for a subsequence, (z n ) converges 
weakly in L 2 (Q x [0, T]; Hq (O)) to an element z. But, it is easy by passing to the limit, to 
verify that z is a weak solution of the equation: 

dz t = ^2 didijdjZt + ^2 ®i w i> = °- 

Since the weak solution is unique, z = z. This permits to conclude that u = u. 
Finally, as 

lim ||tt n — u\\t = 0, 

n— >+oo 

to see that Proposition 6 remains valid, one just has to apply it to u n and then pass to the 
limit by making n tend to +oo. □ 

We now prove the following version of Ito's formula which is crucial to get uniform estimates 
of the solution. 

Proposition 9. Let u be the solution defined in Theorem 8 with same hypotheses and 
(p : M + x R — > M. be one time differentiable with continuous derivative with respect to 
the first variable and two times differentiable with continuous derivatives w.r.t. the second 
variable. We denote by iff and if" the derivatives of f with respect to the second variable 
and by ^ the partial derivative with respect to time. We assume that these derivatives are 
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bounded and p' (t, 0) = for all t ^ 0. Then the following relation holds a.s. for all t ^ 0: 



ip (t, ut (x)) dx + 



t r d r 

/ a,ij(s,x)tp" (s,u s (x)) diU s (x)djU s (x)dxds = / p(0,£(x))dx 
Jo Jo i j=l ' Jo 



+ I I -^-{s,u s {x))dxds + I I ip' (s,u s (x)) w s (x) dx ds 



" dp 
o u o ds 
d ,t 



- ^ / / dj(p' (s, u s (x)) w'( s (x)dxds + / / (p'(s, u s (x))wi, s (x) dxdB\ 
~[Jo Jo i J° J° 

+ / / <p"(s,u s (x)) {w iyS (x)) 2 dxds. 

2 i=1 Jo Jo 



(33) 



Proof First of all, let us mention that due the boundedness of the derivatives of p and 
the integrability conditions on w, w' and it/', each of the terms in (33) are well defined. We 
consider the same approximation (uf)t ^ o as in the proof of Theorem 8 and we keep the 
same notations. We know that u n is a i^g-valued semimartingale and that it admits the 
decomposition given by (29). We apply the classical Ito's formula and then integrate w.r.t. 
x, this yields: 

<p(t,u?{x))dx + J2 [ [ A?(s,x)dnp' (a,fi?(x)) dxds = [ p {<d,t n {x)) dx 
o i=1 Jo Jo Jo 



+ 11 ^f-{s,u™(x))dxds + I I p' (s,u n s (x)) w'f L (x)dxds 



r dip 

o Jo ® s Jo Jo 

t r +°° ft 



-E/ [ d t p' (s,u^(x)) w'^(x)dxds [ f p'{s,u n s {x))wl s {x) dxdBl 

~[Jo Jo ~{ Jo Jo 

+ oE / / V"(s,^(x)){wl s (x)) 2 dxds. 
2 i=1 Jo Jo 

By extracting subsequences, we can assume that (u n ) n and (Af) n converge in L 2 {VL x 
[0, T] x O) and dt x dx x P-almost everywhere respectively to u and X/j=i a-ijdjU, so that 
we can apply the dominated convergence Theorem in each term of the previous equality 
and obtain the result in the general case. □ 



3.3. Existence and uniqueness of the solution in H under (HD2) and (HI2) 

The aim of this section is to prove existence and uniqueness of the solution of (6) with zero 
Dirichlet condition on the boundary under usual L 2 -integrability conditions and assump- 
tion (H). 

So, all along this section, we assume that hypotheses (H), (HD2) and (HI2) hold. 
Proposition 10. Notions o/mild solution and weak solution coincide. 
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Proof. The fact that any mild solution is a weak solution follows from Theorem 8. 
Conversely, assume that u is a weak solution and define the process 

«*(■)=/ G(t,-,0,y)£(y)dy + [ [ G(t, •, s,y)f(s,y,u s (y),Vu s (y))dyds 
Jo Jo Jo 



+ Y2 / G ( t r,s,y)d ity g i (s,.,u s ,Vu s )(y)dyds 
i=1 Jo Jo 

+00 , t , 

+ J2 / G(t r ,s ) y)hi(s ) y,u s (y),Vu s (y))dB i s . 
„•_-, ■/ jo 



(34) 



i=1 ^0 

We should prove that u = v. Comparing the value of the integral 

d 



00 i> 

I [Us 

Jo 



(x)d s tp(x) — a i,j( s i x)diU s (x)djip s (x)]dxds, 



obtained from the relation defining a weak solution, and the value of the same integral 
with v in the place of u, given by the relation (15), we observe that the two are almost 
surely equal. So, we deduce that 

/■oc r ^ 

/ / (u s (x) - v s (x))d s tp(x) - ai,j{s,x)di(u s (x) - v s {x))djtp s (x) dxds = 0, 
Jo Jo id=1 

almost surely, for each <p £ T>. Since T> contains a countable set which is dense in it, we 
deduce that the relation holds with arbitrary cp £ D, outside of a negligeable set in fi. 
From this, it is standard to conclude that u = v almost surely. □ 

The proof of the following Theorem is given in the Appendix 5.3. 

Theorem 11. Under hypotheses (H), (HD2) and (HI2), equation (6) with zero Dirichlet 
condition on the boundary admits a unique solution, u, which belongs to %. Moreover u 
admits L 2 {0)- continuous trajectories and satisfies the following estimate: 

E[\\U\\ 2 T ] ^ [ll^M 2 ^ || I J^°| ^ II HS,2;^ ^ || HS,2;^] > ( 35 ) 

where c is a constant which only depends on the structure constants. 

3.4- L p -estimate of the uniform norm of the solution 

As in [8, 9], for 9 € [0, 1) and p 2 fixed, we consider the following assumptions: 
Assumption (HIoop) 

EU\\ P oo<oo. 

Assumption (HD#p) 

E s E\ 



Bifii/°ii:;' 



+ 



-0|2 * V + 



* \ 2 
t , 



< OO, 
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for each t > 0. 

Here, || \\g. t is the functional norm similar to || (see Appendix 5.1). 

In [8], in the case of a SPDE driven by a finite dimensional Brownian motion and an 
homogeneous second order symmetric differential operator, we have established an L p - 
estimate of the uniform norm of the solution. The proof of this L p -estimate is based on 
Ito's formula applied to the power function and the domination of the quadratic variation 
of the martingale part in this formula. However, the method and the technics involved to 
get this estimate do not depend on the dimension of the Brownian motion neither on the 
fact that the matrix a is homogeneous in time. Therefore, to generalize these results to 
our context, we can follow the same arguments as in [8] starting from Lemma 12 of this 
reference and this yields: 

Theorem 12. Assume (H), (HD9p), (HIoop) for some 6 G [0, 1[, p > 2, and that the 
constants of the Lipschitz conditions satisfy a + 4- + 72/3 2 < A. Let u = IA (£, /, g, h), then 



vt^o, E \\u 



VP 

loo,oo;t 



<k(t)E 11/ 



+ 



n|2 



+ 



,0|2 



0:1 



where k (t) is a constant which depends on the structure constants and t. 



4. Maximum principle for local solutions 



In [9], we have proven a maximum principle for SPDE's driven by a finite dimensional 
Brownian motion and homogeneous second order symmetric differential operator. To ex- 
tend these results to our context, we follow the same plan as in [9]. We mention the different 
estimates who lead to the result and give the details of the proofs only when needed. 



4-1. Estimates of the solution with null Dirichlet condition under (HD#) 

The first step consists in establishing an estimate for the positive part of the solution with 
null Dirichlet condition. To get this estimate, we can adapt to our case the arguments of 
proofs of Theorem 3, Corollary 1 and Theorem 4 in [9] which are based only on estimate 
(35) and Ito's formula for the solution which do not depend on the dimension of the noise 
neither on the fact that the matrix a is homogeneous. This yields: 

Theorem 13. Under the conditions (H), (HD#) and (HI2) there exists a unique solu- 
tion u of (6) in H. This solution has a version with L 2 {0)- continuous trajectories and it 
satisfies the following estimates for each t > : 

1- E (iMlloo;* + l|V«||^) <k(t)E + (||/°||; ;t ) 2 + \\g% 2 ., + Wf 2>2 ,)j • 

2. Let if : R — > M be a function of class C 2 and assume that <p" is bounded and ip' (0) = 0. 
Then the following relation holds a.s. for all t ^ 0: 

/ tp(u t (x))dx+ £ (tp' (u s ) ,u s ) ds = / ip(£(x))dx+ (<// (u s ) , f s (u s ,Vu s ) ds 
Jo Jo Jo Jo 
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+00 „ t 

+ y~l / (p' (u s ) ,h j)S (u s ,Vu s )) dB J s . 
0-1 ^0 



5. TTte positive part of the solution satisfies the following estimate 



e (ii« + n Ut + ii^iiu) * * w ^ (VG+ (ii/ m * o+ ii; ;i ) 2 + ii^iiu+iii^niu) 

where k (t) is a constant that only depends on t and the structure constants and 



/ — i -{u>o}J > 9 — L {u>0}9 ? 1 {m>0}" > 

f u = f-f + f u '°, g u = g-g° + g u >°, h u = h-h° + h u >° (36) 

f' 0+ = l{n>0} (/°V0), £+=£V0. 

Let us mention that a similar relations to the one of point 3. have been obtained by Krylov, 
under stronger conditions (see [17], Lemma 2.4 and Lemma 2.5). 



4-2. Estimate of the positive part of a local solution 



We first make the following remark concerning the regularity of the trajectories of any 
local solution. 

Remark 2. We have proved in Theorem 13 that under (H), (HD^t) and (HI2) the 

solution with null Dirichlet conditions at the boundary of O has a version with L? (O)- 
continuous trajectories and, in particular, that lim^o 1 1 tit — CI 1 2 = 0, a.s. This property 
extends to the local solutions in the sense that any element ofUi oc {^,f,g,h) has a version 
with the property that a.s. the trajectories are L 2 (K)- continuous, for each compact set 
K CO and 

lim / (uAx) — £(x) ) 2 dx = 0. 

In order to see this it suffices to take a test function <p £ C%°(0) and to verify that v = (jm 
satifies the equation 

dv t = (Lv t + f t + divg t ) + h t dB t , 
with the initial condition vq = <j>^, where 

f t (x) = cj)(x)f (t, x, ut(x),Vut(x)) - { V(j)(x), a(x)Vu t (x)) - (V0(x), g (t, x, u t (x),Vu t (x)) ), 
g~ t (x) = 4>(x)g (t, x, ut(x),Vut(x)) — ut{x)a(x)V (f){x) and 
h t (x) = <j)(x)h (t,x,u t (x),Vu t (x)) . 

Thus v =14 f,g, hj and the results of Theorem 13 hold for v. 
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Now, we consider u £ Uiocit,-, f, 9, h) and in order to simplify the notation we put 

f s = f(s,x,u s (x),Vu s (x)), g s = g(s,x,u s (x),Vu s (x)), h s = h(s, x,u s (x),Vu s (x)). 
So that, u is the solution of 

(d d \ +00 

di(aij(t, -jdjut) + ft + J2 d 39j,t ) dt + J2 h ht dB l ( 37 ) 
i,j=l j=l J i=l 

with initial conditiuon uq = £. 

Let us remark that this technic has already been used by Krylov ([17], Lemma 2.5) in order 
to get Ito's formula for the non-negative part of the solution. We also obtain such Ito's 
formula in our setting: 

Lemma 14. Assume that dO is Lipschitz, conditions (H) ; (HD#) and (HI2) hold. Let 
u € Ui oc (t;, f,g,h) such that u + E %, i.e. following Definition 3, u is non-positive on the 
boundary of O . 

Let 99 : R — > R be a function of class C 2 with bounded second order derivative and assume 
that tp(0) = ¥>'(0) = 0. Then with the notations introduced above: 



/ ip (uf (x)) dx + / / (p"(uf(x))aij(s,x)diuf(x)djuf(x)dxds= / ip (£ + (x)) dx 
Jo Jo Jo Jo 

'(u+(x)) f s (x) dxds -Y2 / <4>" (uf (x)) diuf(x)g i)S (x)dxds 
~1 Jo Jo 



ft f d ft 

+ hp' 

Jo Jo i=1 JO JO 

+ X r / v'{ut{x))h hS {x)dxdBl + \j^ f ! p"(uf(x))l {u3>Q} \h hS (x)\ 2 dxds. 
t Jo Jo l ~[ Jo Jo 

(38) 

Proof. For the moment, we consider <fi £ C%°(0), ^ <j> ^ 1 and put 

vt g [o,T], v t = 4>u t . 

By a direct calculation, we see that the process v satisfies the following equation with (f>^ 
as initial data and zero Dirichlet boundary conditions, 

(d d \ +00 

^2 di(aij(t, -)djVt) + 7i + X di ^t ) dt + X h i> tdB t> 
i,j=l i=l J j=l 

where 

d d 

Jt = Ht - X ai,j ^ •) - X 

i,j=l i=l 

SiTt = <j>9i,t - u t y^a hj {t, -)dj<f>,i = l,...d, h j)t = <ph jtU j G N*. 
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Let us note that 



E[( f 



+ \\g\ 



2,2;t 



+ 



2,2;t ■ 



< OO, 



so we'll be able to apply Ito's formula (point 2. of the previous Theorem). 

Now, we approximate the function ip : y G R — > (f{y + ) by a sequence (^ n )neN* of smooth 

functions constructed as follows: 

So, let £ be a C°° increasing function such that 

Vy G] - oo, 1], C(V) = and Vy G [2, +oo[, C(|/) = 1. 
We set for all n £ N*: 

Vy G R, i/) n (y) = <p(y)((ny). 

It is easy to verify that (ip n )neN* converges uniformly to the function ip, (V4)n converges 
everywhere to the function (y i— > f'(y + )) and (ip'n) n converges everywhere to the function 
(y i — y !{j /> o}V2 // (y + )). Moreover we have the estimates: 

G R+ , Vn G N* , < Vn(y) < ^(y), < ^ Cy, ||<(y) || < C, (39) 

where C is a constant. 

Thanks to the previous Theorem, we have for all n and all t ^ : 



o 



+ r / <(^(x)) / s (x)dxd S -^ r / < 



o 



i>n (4>(x)£ (x)) dx 



(v s (x)) diV s (x)g ijS (x)dxds 



+ E [I ^>s{x))h l ^)dxdB\ + \Y^ f [ M 
t JO JO i^l Ja Jo 



dx ds. 



(40) 

Let us remark that v £ H so that thanks to estimates (39), each term in the previous 
equality is well defined and even dominated in L . Let us focus on the particular term 
Jo fo ( v s( x )) fs{x) dx ds. We have for all n G N*: 

\^' n (v s ) f s \^C\v s \\f s \, 

and as v £ Hf}L#. t and / G L*n. t the Holder inequality (2) ensures that \vf\ belongs to 
L x (0 x [0, T]xO). The other terms being easier to dominate, by the dominated convergence 
Theorem and using the fact that 1s Vs> o\diV s = diV^, we get as n tends to +oo: 

/ „ (4 W ) * + f /' / / («+ (x)) a,, (s , I)8i „+ we,.; (xyw. = / „ W ,r W) * 

io ,~, Jo Jo Jo 

_ d rt r 

'(v+(x)) f s (x)dxds - y2 / / </?" (x)) diV+ (x)g itS (x)dxds 
i=1 Jo Jo 



Jo 



i Jo Jo l ~r x Jo Jo 



>0} 



hJx) 



dx ds. 
(41) 
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Consider now a sequence ((f)ri)n of non-negative functions in Cq°(0), ^ (f> n ^ 1 Vti G 
converging to 1 everywhere on O and such that for any w G -ffo(O) the sequence (4> n w) n 
tends to u> in Hq(0) and 

sup||c/> n u;||„i (0) ^ C|Mliri(0), 
n 

where C is a constant which does not depend on w. 

The existence of such a sequence is proved in the Appendix, Lemma 19. 

Let us remark that if i G {1, ■ ■ ■ , d\ and w G Hq(0), then [wdi(p n ) n tends to in L 2 (0). 

We set v n = <p n u and 

d d 

ft = Kh - E ai,j & •) ($&0 " E (^) 

i,j=l i=l 



9i,t = 4>ngi,t - V4^ / a l ' j (t, -)dj(j) n ,i = 1, ...d, h™ t = </> n hj,t,j G N*. 
i=i 



We now apply relation (41) to v n and get 



/ <P i v tt ( X )) dx + E / / ^ / '( V n, S (^)) a ij( s ^)^i S (^)^ u n, S ( ;c )^ s = / v(^n(x)C + (a?)) ds 

Jo ~z, Jo Jo Jo 

L 1j — 1 



+ 



~ d ft r 

dxds-J^ / / « s (a:)) aiu+(x)fl?| a (x)dxda 
o Jo i=1 Jo Jo 



t Jo Jo l ~r x Jo Jo 



{v„,s>0} 



hUx) 



dx ds. 
(42) 



We have 



V'^J/r - E V"( v n,s) d i v n,s9 n i,s = <P'{V+ S )(l) n f s - ^ a i,j («V (v+Jdrfndi 
i=l i,j 



By remarking for example that for all s G (0, T] (4> n ip'(v^ s ) n (resp. (di4> n ip' (v£ s )) n ) tends 
to (<£>'(«+)) (resp. 0) in Hq(0) (resp. in L 2 {0)) we conclude, thanks to the dominated 
convergence Theorem, by making n tend to +00 in (42). □ 



4-3. A comparison Theorem 

By applying the previous Ito's formula for ip(x) = x 2 , as in Theorem 13, the above Propo- 
sition leads to the following generalization of the estimate of the positive part: 
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Corollary 15. Under the hypotheses of Lemma 14 with same notations, one has the fol- 
lowing estimate: 

z (IKIIU + ll^+liy <Ht)E (iie+K + (llf ' 0+ y 2 + + . 

The key point of the proof of the maximum principle is the following comparison Theorem 
which is an immediate consequence of the previous estimate: 

Theorem 16. Assume that dO is Lipschitz. Let f 1 , f 2 be two functions similar to f which 
satisfy the Lipschitz condition (H)-(i), g (resp. h) satisfies (H)-(ii) (resp. (H)-(iii) and 
assume that both triples (f l ,g,h^ and (/ 2 ,<?, /1) satisfy (HD#). Let £, l ,£, 2 two random 
variables similar to £ satisfying (HI). Let u 1 G Uioc (£' ', /* ,g,h) , i = 1,2 and suppose that 
the process (u 1 — u 2 ) + belongs to % and that one has 

E^\f x {.,.,%?, Vu 2 ) - f 2 {.,.,u 2 ,Vu 2 )\\* # . t y <oc, for all t > 0. 

If S, 1 < i 2 a - s - an d f 1 {t, w ) u 2 ,X7u 2 ) < f 2 (t,U), u 2 ,Vu 2 ), dt® dx® dP-a.e., then one has 

u(t,x)<u 2 (t,x) dt®dx®P-a.e. 



4-4- The maximum principle 

As in Subsection 3.4, we work under assumptions (HD#p) and (HIoop). The following 
property has been proved in [9], Lemma 2: 



I 1 1 1 1 'T —— ^ 1 1 1 1 Q'T ' 



for some constant c > 0. As a consequence, (HD#p)is stronger than (HD^). 
We first consider the case of a solution u such that u ^ on dO. 

Theorem 17. Assume that dO is Lipschitz, that (H), (HDOp), (HIoop) hold for some 
8 € [0, 1[, p > 2, and that the constants of the Lipschitz conditions satisfy a+^- + 72/3 2 < A. 
Let u G Uioc (£, /, g, h) be such that u + € T~L. Then one has 



E\\u + \\ p , 

II lloo,oo;t 



<H*)e k + \\l+ 11/ 



+ 



n|2 



+ 



0|2 



where k (t) is constant that depends of the structure constants and t > 0. 

Proof. Set v = U />5j ^1 tbe solution with zero Dirichlet boundary conditions, where 

the function / is defined by / = / + f°'~, with f°~ = V (— /°) • The assumption on the 
Lipschitz constants ensure the applicability of Theorem 12, which gives the estimate 



, t <k(t)E ||£ 



+ \\P 

00 



+ 



.9 



+ 



0|2 




because = / 0,+ . Then (u — v) + G % and we observe that all the conditions of the 
preceding theorem are satisfied so that we may apply it and deduce that u < v. This 
implies u + < t> + and the above estimate of v leads to the asserted estimate. □ 
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Let us generalize the previous result by considering a real ltd process of the form 

ft +°° ft 



Mi = m 



ft pt 

+ / b s ds + Y] / a jtS dBi, 
Jo j=1 Jo 



where m is a real random variable and b = (bt) t>0 , a = (oi,t, ■ ■ ■ , (J n ,t • • • ) t>0 are adapted 
processes. 

Theorem 18. Assume (H) 7 (HDOp), (HIoop) for some 9 G [0, 1[, p > 2, and that the 
constants of the Lipschitz conditions satisfy a + + 72/3 < A. Assume also that m and 
the processes b and a satisfy the following integrability conditions 

E\m\ p <oo,Eyj |& s |i-"dsJ < oo, E ij \a s \i-<>ds\ < oo, 

/or eac/i i > 0. Lei it £ W; oc (£, /, /i) be such that (u — M) + belongs to H. Then one has 



M) + |L <k{t)E II « - m) + r + 



\g(-r,M,0)\ 



e 

* \ 2 



/( v ,M,0)-&) 

|/i(-,-,M,0) -o- 



+ 





P 


•) 


+ 






|2 


* \ 








6;T i 



where k (t) is the constant from the preceding corollary. 

Remark 3. The right hand side of this estimate is dominated by the following quantity 
which is expressed directly in terms of the characteristics of the process M , 



k(t)E \\(Z- m )+\\ p +\m\ p + ||/ 



16.1 !-» ds 



P (i- 



+ 



p 

+ 

p(i-fl) 

2 \ 2 

|(7,| !-« ds 



9 



0|2 



* \ 2 



+ 



0|2 



* \ 2 

0:T , 



5. Appendix 

5.1. Functional spaces 

We just recall the main definitions, all the details may be found in [8] and [9]. 
Let , (p2><?2) G [l)°o] 2 be fixed and set 

I = I (pi,qi,P2,q2) ■= [(P,q) G [l,oo] 2 / 3 p G [0, 1] s.t. 

1 1 11 1 11 

- = p- + (1 - p -, - = p- + (1 - p - L 

p Pi P2 q qi q2 J 

This means that the set of inverse pairs ( -, | J , (p, g) belonging to /, is a segment contained 



pi ' gi 



and 



in the square [0, 1] , with the extremities 
We introduce: 

L T , t = f| L»*([0,t]xO) 
(p.«)e/ 



j_ j_ 

P2 ' 92 
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We know that this space coincides with the intersection of the extreme spaces, 

L I]t = L Pl ' qi ([0,t] x0)n L P2 ' q2 ([0,t] x O) 
and that it is a Banach space with the following norm 



we also need the algebraic sum 



It is a normed vector space with the norm 

{n n 
W Ui \\ri, Si ;t I u = ^2ui, Ui G L r ^ ([0,i] x 0) , (ri,8i) G J, i = l,...n; n G N* 
i=l i=l 

I L 1 ' 1 ([0,t] x O) and < c\\u\ ,I; 

certain constant c > 



\u\\ 



Clearly one has L 1,1 C L 1 ' 1 ([0, i] x 0) and H^Hi w < c||it|| for each u G L /;i , with a 



l i l _ l i l 
p ? 

belongs to another set, of the same type. This set may be described by 



We also remark that if (p, q) G /, then the conjugate pair (p', q 1 ) , with - + ^ = - + — = 1, 



/' = /' (pi, gi,p 2 , ga) := ( (p', 9') / 3 (p, g) G / si. 1 + 1 = 1 + 1 = l) 

I P V Q Q J 

and it is not difficult to check that /' (pi, gi,P2, Q2) = I (p'i,Qi,P2y Q2) s where p^, g 1; p 2 and 
g.' are defined byi + -V = — + -V = — + -t- = — + -+ = 1. 

^ J Pi Pi <?1 ?1 P2 P 2 92 ?2 

Moreover, by Holder's inequality, it follows that one has 

u (s, x) v (s, x) dxds < \\u\\j. t ||i>|| 7 '* , (43) 

Jo 

for any u G Lj-t and v G L 1 ,t . This inequality shows that the scalar product of L 2 ([0, t] x O) 
extends to a duality relation for the spaces Lj-t and L ' ,t . 
Now let us recall that the Sobolev inequality states that 

IMI2* < c s II Vu|| 2 , 

for each u G Hq (0) , where cs > is a constant that depends on the dimension and 
2* = if d > 2, while 2* may be any number in ]2, 00 [ if d = 2 and 2* = 00 if d = 1 (see 
for example [12], Chapter 5). Therefore one has 



Ml 2 *2;t ^ c s ||V«|| 



2,2;i ' 



for each t > and each u G L 2 oc (R +; #1 (£>)) . And if u G L£> c (M+; L 2 (O) ) f] L 2 loc (R+; ^ 
one has 



1 

2*,2;t — °J- I II "-112,00;* ~r II v " II 2,2;* / ' 



v |[u[L. ,. t < ci ( |[«|[o no!t + ||W 2 
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with ci = cs V 1. 

One particular case of interest for us in relation with this inequality is when pi = 2, q\ = 
+oo and p 2 = 2*,q2 = 2. If / = 7(2, oo,2*,2) , then the corresponding set of associated 
conjugate numbers is I' = I' (2, oo, 2*, 2) = I ^2, 1, 2 *-i ; > where for d= 1 we make the 
convention that 2 ^_ 1 = 1. In this particular case we shall use the notation L#. t := Lj-t 
and Ljf.. t := L 1 and we recall that we have introduced the following norms 

IMI#;t := \\ u \\l;t = \\ U \\2,oo;t V H U ll2*,2;t ' ll u ll#;t := ll n ll ' ■ 



Thus we may write 

IMI #;t < ci (||«||2 i0O! t + l|Vu||5 )2 . t ) 2 , (44) 

for any u E L~ (R+; L 2 (O) ) f| Lf oc (R+; H% (O)) and t > and the duality inequality 
becomes 

/ u (s, x) v (s, x) dxds < \\u\\ » f ||v|| *j±. t , 
o Jo 

for any u E L# ;t and v E -^#-f 

For d > 3 and some parameter # E [0, 1[ we used the notation 

,2 ■ d 1 



rS = <i(p,?)G[i,oo]V^ + - = i 



(p,?)er* 



inf J Y \\ui\\ piigi . t I u = J>,Ui e L ^ ([0.*] x °) 



\ i=l i=l 

(jPi, Qi) G r <?^ = 1, " G N*} 

If d = 1, 2. we put 



with the convention 2 *_ 2 = 1 f° r d = 1. 

We want to express these quantities in the new notation introduced in the subsection 5.1 
and to compare the norms and H'uH^.j • So, we first remark that T* e = I [oo, 2(1—0) ■ 

and that the norm coincides with ||u|| r ®'* = \\u\\ I ( 00 ' 1 ~ B " 2, - 1 ~ e, ' CC '^' t . On the other 

hand, we recall that the norm is associated to the set / ^2, 1, 2 *-i ? > i- e - IMI#-t 

..1(2 1 » * 2) -t 

coincides with hi V ' ,2 *- 1 ' J' . 
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5.2. Proof of Proposition 5 

Assume first that w G (C C °°(R + ) <g> H%(0)) In this case, the fact that u is the weak 
solution of the given equation and satisfies equality (10) i.e. 

1 ft dp d pi 

n\\ u t\\ 2 + aij(s,x)diU s (x)djU s (x)dxds = -V] / (w i>s , diU s ) ds, t^O 

2 Jo fjtiJo f^Jo 

is a consequence of Theorem 8 and Proposition 9 with w' = dw and £ = w" = w = 0. 
Then, thanks to the ellipticity assumptions, we get: 

^ ft ft d 

-\\u t \\ 2 + X \\Vu s \\ 2 ds ^ / | y2(wi, 8 ,djU a )\ ds 
' Jo Jo i=l 

A /"* „, , 8 f f 2 , 

^ 77 / VuJ ds + — / \\\w s \\\ ds. 



2 Jo ^ Jo 

from this we clearly get estimate (11). 

The general case is obtained by approximating w by a sequence of elements in (C£°(1R+) ® H^O))' 

5.5. Proo/ o/ Theorem 11 

We keep the same notations as in Theorem 8. 

Let 7 and 5 be 2 positive constants. On Ft, we introduce the norm 



Vu G F T , II u |U,5= 



e(J\-^ (5 || ^ || 2 +||Vu 4 || 2 ) dt) 



It is clear that || • |L$ is equivalent to || • \\f t - We consider the map, A, from Ft into Ft 
defined by: 

Vu G F T ,V(t,x) G [0,T] x O : 

A(u)(t,x)= G(t,-,0,y)£(y)dy + / G(t,-,s,y)f(s,y,u s (y),Vu s (y))dyds 
Jo Jo Jo 

d ft f 

+ J o G ( t >'i s >y) d i,y9i( s f u syu s )(y)dyds ( 45 ) 

+ J2 / G{t,-,s,y)h i {s,y,u s {y),Vu s {y))dB i s . 
i=1 Jo Jo 

Let u and v be in .Fy. We put: 

Vs G [0,T], / s = f(s,-,u s ,Vu s ) - f(s,-,v s ,Vv s ), 

Vs G [0,T], # s = g(s, -,u s , Vu s ) - g(s, -,v s ,Vv s ), 
Vs G [0,T], /i s = h(s, -,u 8 ,Vu a ) - h(s, -,v s , Vv s ), 
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and Vt G [0,T], 

u t = A(u)t-A{v) t 



f't P " f't P 

I I G(t,-,s,y)f s (y)dyds + y~] / / G(t, s,y)d i)y g i)S (y) dy ds 
Jo Jo i=1 Jo Jo 



+00 ,. t .. 

+ V / / G(t,;s,y)h iiS (y)dydBi. 
i=1 Jo Jo 



By Ito's formula (33), we get 

e _7T ||uT|| 2 + 2 / e~ ls I 2_, a i,j( s ^ x )diU s (x)djU s (x) dxds = —7 / e~ JS \\u. q \\ 2 ds 
Jo ^° 

r T _ d r-T 

I e _7S (usjs) ds - 2 V / e~ ls {diU s ,g i)S )ds 
Jo i=l Jo 

+00 „ T „ T 

+ 2V/ e" 7S (u 8 ,hi,s) dB s + e-^\\h s \\ 2 ds. 
„■_-, Jo Jo 



i=l 

Using hypotheses on /, g, h we have for all e > 



r T - r T r T 

2 / e - 7S (n s ,/ s )cZs 1/e / e~ 7S || u s || 2 ds + e e" 7S || / s || 2 ds 

Jo Jo Jo 

r T r T 

< l/e / e" 7S || u s || 2 ds + Ce / e'" 13 \\ u s - v s \\ 2 ds 
Jo Jo 

+Ce [ e-^ s \\Vu s - Vv s \\ 2 ds, 
Jo 



d r x 



-2J2 [ e" 7S (diu s ,g i>s ) ds ^2/ e-^\\Vu s \\(C\\u - v\\ + a\\Vu s - Vv s \\) ds 
i=1 Jo Jo 

^ Ce [ e- 7S ||Vn s || 2 ds + - / 
Jo e Jo 



T 

e~ ls || Mo — v , || 2 ds 



+a f e~ JS \\Vu s \\ 2 ds + a [ e^ s \\Vu s - Vv s \\ 2 ds, 
Jo Jo 



and 



I e- 7S ||/i s || 2 ds ^ C(l + l/e) / e~ ls \\u s -v s \\ 2 ds + p 2 (l + e) I' e- 7S ||Vu s - Vv s 
Jo Jo Jo 

where C , a and /3 are the constants which appear in the hypotheses of section 2.2. 

Using the ellipticity assumption and taking the expectation, we obtain: 



T f T 

2 j„\ 1 fn\ „\eV / „-7S|lY7„-; l|2 



(Tf-l/e)E( e~~< s \\u s \\ z ds) + {2\-a)E{ e-^ s \\Vu s \\ 2 ds) ^ 
Jo Jo 

C{l + e + 2/e)E{l e" 7S || u s - v s \\ 2 ds) + (Ce + a + (3 2 (l + e))E{ I e^ s \\Vu s -Vv s 
Jo Jo 
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Now, we choose e small enough and then 7 such that 

Ce + a + /3 2 (l + e) < 2A - a and , 

2A — a Ce + a + p 2 (l + e) 

If we set 5 = " l 2 \- £ > we have the following inequality: 

. „ , . , . „ Ce + a + (3 2 (l + e) .. 
Vit, u G F T , || A(uJ - A(v) || 7 ,6 < — \\u-v || 7)< j . 

We conclude thanks to the fixed point Theorem and estimate (17). 
5.4. The truncation sequence (4> n ) n 

We first denote p(x) the distance from a point x G O to the boundary of O, dO. 
Following standard construction, for any n G N*, we can construct a function (f> n G Cq°(0) 
satisfying the following properties: 

1. (K 0n < l; 

2. <p n = l on {x G O, p(x) ^ i}; 

3. (j> n = on {x G 0, pfx) < ^}; 

4. |<9a;0n| < 3n. 

Lemma 19. Assume that dO is Lipschitz. Let w G Hq(0), then (4> n w) n tends to w in 
Hl{0). 

Moreover there exists a constant C > such that 

G flo(O), SUp ||(/»ntw|| H i (0) < C||w||„l (0) . 
n 

Proof. Let us prove the first assertion. Let w G Hq(O). 

It is clear that we juste have to prove that (wd x (j) n ) n tends to in L 2 (0). 

TV 

But, we know that — belongs to L 2 (0) (see Theorem 1.4.4.4 p. 29 in [14]). So, we have 
P 



n— >+oo 



lim / \w(x)d(p n (x)\ dx = lim / \w(x)d x (j) n (x)\ dx 



n— >+oo 



^ lim 9n 2 / \w(x)\ 2 dx 

2 



sC lim 9 

n— H-00 

= 0, 



/ 






p(x) 



r/.r 



which proves the first part of the Lemma. 

The second assertion is a consequence of the Banach-Steinhaus Theorem. 



□ 
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